Abstract. Fracture behaviour of notched and un-notched plain concrete slender beams subjected to three-point or four-point bending is analyzed through a one-dimensional model, also called Softening Beam Model. Fundamental equations of equilibrium are used to develop the model. The influence of structural size in altering the fracture mode from brittle fracture to plastic collapse is explained through the stress distribution across the uncracked ligament obtained by varying the strain softening modulus. It is found that at the onset of fracture instability, stress at the crack tip is equal to zero. The maximum load and fracture load are found to be different and a unique value for the fracture load is obtained. It is shown that the length of the fracture process zone depends on the value of the strain softening modulus. Theoretical limits for fracture process zone length are also calculated. Several nonlinear fracture parameters, such as, crack tip opening displacement, crack mouth opening displacement and fracture energy are computed for a wide variety of beam specimens reported in the literature and are found to compare very well with experimental and theoretical results. It is demonstrated that by following a simple procedure, both pre-peak and post-peak portions of load versus crack mouth opening displacement curve can be obtained quite accurately. Further, a simple procedure to calculate the maximum load is also developed. The predicted values of maximum load are found to agree well with the experimental values. The Softening Beam Model (SBM), proposed in this investigation is very simple and is based on rational considerations. It can completely describe the fracture process from the beginning of formation of the fracture process zone till the onset of fracture instability.
Introduction
Numerous experimental investigations performed on notched plain concrete beams subjected to three-point or four-point bending have revealed the fracture process to be dependent on size of the structural member. It is generally accepted that, smaller specimens tend to fail by plastic collapse, while the larger specimens fail by brittle fracture. It has been concluded by Carpinteri [1] , that, specimen size alone can alter the modes of failure. Bazant and Cedolin [2, 3] , through numerical approach, have pointed out that with change in structural size a transition from a tensile strength collapse to a crack propagation collapse occurs. The results obtained by Peterson [4] , by performing extensive numerical simulations of crack propagation in a three-point bend test show also that, when the structural sizes are increased, the material becomes more and more brittle. Carpinteri [5] , has concluded that an embrittlement occurs by increasing the structural size, a fact which corresponds to the fundamental laws of physical similitude.
Several theoretical models have been proposed to explain the fracture process as well as size dependency in concrete. Hillerborg et al. [6] , have proposed a "fictitious crack model" also known as a "damage zone model". The tensile stress is not assumed to fall to zero immediately after the attainment of limiting value but to decrease with increasing crack widths. Modulus of elasticity, E, uniaxial tensile strength, at, and fracture energy, GF, defined as the area under post-peak stress versus the crack opening displacement diagram are the material properties required to describe the tensile fracture behaviour of concrete.
Bazant and Oh [7] introduced the concept of"crack band theory" for fracture of concrete. The fracture front is modelled as a blunt smeared crack band. The material fracture properties are characterized by three parameters GF, a, and the width of crack band, wc (fracture process zone). GF is, however, defined as the product of wc and the area under the tensile stress-strain curve.
Nallathambi and Karihaloo [8] modified the fictitious crack model by accounting for the nonlinearity in the stress-strain plot prior to the attainment of peak by reducing the value of E. The load-deflection plot obtained is reported to be relatively closer to the experimental one.
The models mentioned above, irrespective of the approach adopted, require a complete stress-crack opening relation. They are particularly well suited for numerical techniques like the finite element method. Several objections have been raised [8] towards the use of Ge, considered as a possible reliable indicator of fracture. It is found to be extremely size dependent. Further it is also very tedious to determine it by performing a stable tension test. Uncertainty exists with the true fracture area, owing to the tortuous nature of crack propagation in concrete.
Sih [9] and Carpinteri [10] have used the concepts of strain energy density theory and strain softening behaviour to simulate numerically the fracture behaviour of concrete.
Some models which do not require the finite element technique are also proposed. Wecharatana and Shah [11] , based on some simple and approximate extensions of the concepts of linear elastic fracture mechanics, have predicted the extent of a nonlinear fracture process zone in concrete. Critical crack opening displacement equal to 0.025 mm and a constant closing pressure to exist along the length of the fracture process zone are assumed. Fracture loads of a large number of notched beams are reported to have been estimated with a reasonable degree of accuracy.
Kobayashi et al. [12] have demonstrated through their model that by assuming the closing pressure distribution to vary linearly from zero at the crack tip to o 5 and then to remain constant, a better agreement with respect to load versus crack mouth displacement curve can be obtained. The length of the unloading zone was chosen such that the crack tip opening displacements at the macrocrack tip and at the beginning of the unloading zone were 0.038 and 0.0127 mm, respectively.
In these models constant values for crack opening displacement and arbitrary closing pressure distribution are assumed. However critical crack opening displacement is found to vary with specimen size.
Jenq and Shah [13] have proposed a "two parameter fracture model". The two parameters are the critical stress intensity factor calculated at the tip of the effective crack and the elastic critical crack opening displacement. Based on their test results the two parameters are found to be size independent. In contrast to modulus of rupture, tensile strength of unnotched concrete specimens is demonstrated to be size independent. The validity of the values for the two parameters even in the cases of beams possessing different span to beam depth ratios is yet to be established.
Some nondimensional numbers also known as brittleness numbers have been proposed by Carpinteri [5] , Hillerborg [6] , Jenq and Shah [13] , and Bazant and Pfeiffer [14] to characterize the effect of structural size (W) on the fracture behaviour of concrete beam specimens. Parameters like K~. or GF, at, E,. and W are considered for this purpose. However these brittleness numbers cannot be directly determined owing to the nonavailability of unique values for K c or G F. The influence of structural size on the collapse stress can be quantified only when the values for brittleness numbers are assumed, otherwise only qualitative predictions can be made. Hence size effects are not yet quantitatively described.
In this paper a one-dimensional model based on fundamental equations of equilibrium is developed to explain the fracture behaviour of notched and un-notched plain concrete beams subjected to three-point or four-point bending. The influence of structural size in altering the failure mode is explained through the stress distribution obtained across the uncracked ligament. The key factor affecting the stress distribution is found to be the strain softening modulus and is considered to be dependent on the structural size (uncracked ligament). It is shown that at the onset of fracture instability, stress at the crack tip should be equal to zero and distinction to exist between maximum load and fracture load is clearly established. The performance of the model is evaluated in the light of experimental and numerical results obtained by various investigators in the case of notched plain concrete beams, with regard to several nonlinear fracture parameters, such as, nonlinear process zone length, critical crack opening displacement, load versus crack mouth opening displacement curves and GF.
It is demonstrated that the model can predict quite accurately the maximum load of a wide variety of beam specimens reported in the literature. Some of the theoretical aspects adopted in the present model are addressed in the following sections.
Softening behaviour of concrete in tension
The direct tensile tests performed by various investigators [15] [16] [17] [18] [19] have shown that the overall load-elongation curve presents a peak followed by a softening branch. Based on these tests, it has been asserted that before global rupture, a fracture process zone (damage zone) forms locally. The material in the fracture process zone softens, while the material in the undamaged portion still behaves in a proportional manner. Hillerborg et al. [6] , have assumed the behaviour of tensile fracture zone to be a material property. Carpinteri [10, 20] has explained the size effects on the descending branch of the stress-strain curve which appears to vary with specimen size. He has pointed out that, similarity between physical fracture behaviour of the specimen (global) and the behaviour of the fracture process zone (local) can exist only if the fracture process zone length is proportional to the size of the structural member. However, with increasing size of the specimens, though softening in the fracture process zone can take place by the same extent, physical fracture behaviour of the specimen can proceed in a totally different manner. It has been summarized by Carpinteri [21] that by increasing the nonlinearity of the material, a transition in the fracture behaviour observed with decreasing structural sizes can be achieved. It has been fairly well established [15, 19] that unique post-peak stress versus strain or deformation diagram does not exist in concrete. In the present model, the strain softening modulus is considered to be a structural property. the uncracked ligament. Since the stress-strain curve is influenced by the structural size, a unique constitutive law describing the stress variations with increasing strains especially in the post peak region cannot exist. Figure 1 (a) shows the longitudinal section of the beam and l(b) the cross-section at mid span. Considering the two extreme idealizations for the stress-strain curve indicated by the lines E* = o9 and E* = 0 ( Fig. 2(a) ), E* being the ratio of strain softening modulus, Er, to initial modulus of elasticity, E, stress distributions obtained across the uncracked ligament are respectively as in Figs. 3(a) and 3(b). Assuming that, the maximum moment carrying capacity of the beam is governed only by the net section strength of the uncracked ligament and for the stress distribution of the type shown in Fig. 3(a) , Mma x = atbD2/6 is obtained. Denoting atbD2/6 as M n, the value of the ratio M .... /Mn, equal to unity, for E* = oo, is obtained. Similarly with reference to Fig. 3 (b) and in the limit c~ and /3 tending to zero Mma×/M ~ equal to three, for E* = 0, is obtained.
Mm~x/M n = 1, represents brittle fracture and that equal to 3, represents plastic collapse. The assumptions involved in obtaining these values of Mmax/M n are that, concrete in tension behaves as a linear elastic perfectly brittle or plastic material, while in compression it still behaves in a linearly proportional manner, which is justifiable with reference to Fig. 3 Fig. 3(c) , in which the value of E* will lie between infinity and zero, thus representing the transition in fracture behaviour. From the above reasoning, it can be concluded that the value of the ratio Mmax/Ml~ can serve as an indicator for characterizing the type of fracture process. Further, the ratio can be determined very easily from experimental results. Basic concepts of the proposed model along with mathematical expressions are outlined in the following sections.
Proposed model
Since concrete is generally known to exhibit strain softening in tension, brittle fracture or perfect plastic collapse seem to be only idealizations. Hence by modelling concrete according to the strain softening behaviour and by varying the strain softening slope between infinity to zero a transition between the two extreme idealizations can be achieved. can characterize the type of fracture of the beam of given dimensions, it becomes necessary to determine the stress block across the uncracked ligament. The stress-strain diagram for concrete in tension can be approximated to be bilinear as shown in Fig. 2(a) . The stress a in the strain softening range can be expressed as, a = a, -Er(e --5,) ( stages of loading up to flexural failure. Certainly it is accurate in the compression zone of the concrete. This assumption may not be completely valid in the immediate neighbourhood of a crack. However if the concrete strain is measured over a gauge length that includes cracks, it is found that this assumption is valid. Since in this work attention is focussed upon mode I type of fracture of slender beams only, this assumption seems to be very reasonable and by virtue of which the model is considerably simplified. e can be expressed as ( Fig. 3(d) ).
Substituting for e as given by (4.2) in (4.1), one obtains
Replacing e, by a,/E, and denoting ErIE as E*, (4.3) can be written as
Thus with a knowledge of ~, ]3 and E r, the stress block across the uncracked ligament can be completely characterized through (4.4) and (4.5). Since the cracked section is in equilibrium, fundamental equations of equilibrium have to be satisfied up to the onset of fracture. As the cracked section is not subjected to any externally applied horizontal force, the total compressive force shall be equal to the total tensile force. Further, the moment of resistance developed by the net section shall be equal to the external bending moment. Referring to Fig. 3(c) , and invoking the first condition of equilibrium, The roots of the above quadratic equation are given by
According to moment equilibrium condition, if M is the external bending moment acting on the cross-section, then moment of the tensile forces about the centre of compression can be written as
Substituting for o-according to (4.4), (4.9) after simplification can be obtained in the following non-dimensional form.
M -3-2~+ E*(fl+ 2~) [ 1
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Solution procedure
Only two equations (4.8 and 4.10) are available to determine three unknown parameters c~, /~ and E*, required to completely characterize the stress block across the uncracked ligament. Thus, the solution in a straightforward manner seems to be impossible. However, by assuming values for E* and /~, ~ can be obtained according to (4.8) and hence M/M,, according to (4.10). Since arbitrary values are obtained with this approach, it becomes necessary to check for their physical admissibility. With this in view, the following additional conditions are developed.
CONDITION 1: For any given value of E*, the minimum value of ¢/shall be such that the quantity inside the radical sign in (4.8) , that is, x/2/~E* + 2/3 -E* should be equal to zero, for c~ to be positive and real. This condition is used to get an initial admissible value for e, for an assumed value of fl, and to eliminate the imaginary roots of the quadratic equation.
CONDITION 2: Since two distinct values for c~ are obtained according to (4.8) for various values of/3 and E*, the physically admissible value for ~, is the one which is not only positive but also yields M/Mn obtained from (4.10) as a positive quantity.
CONDITION 3: The value of ~ and/3 shall be such that (c~ + /?) cannot be greater than unity.
CONDITION 4: Experimental studies [15] [16] [17] [18] [19] reveal that corresponding to any stress level, pre-peak strain is less than post-peak strain as measured from the peak, i.e., AB < AC in Fig. 2(a) . With this assumption, maximum value of E* is fixed to be unity, with the minimum value of E* equal to zero. The validity of this condition depends on the length of the tensile specimen. If it is very large it seems to be possible that a softening branch with a positive slope can result. In such cases this condition is not valid. With the conditions 1 to 4, operating on the values of ~,/3 and E*, the following solution procedure is proposed.
1. For any assumed value of E* in the range fixed by Condition 4, the minimum value of /~ is obtained according to Condition 1. The corresponding value of ~ is evaluated from (4.8).
2. This value of c~ is checked for its admissibility according to Conditions 2 and 3. The corresponding value of M/M,, is obtained from (4.10).
3. The minimum value of/3 is then incremented by a small amount and the whole procedure is repeated till a limiting stage according to Condition 3 is reached.
With this solution procedure some of the important results obtained are discussed below 
Discussion of results

Variation
Effect of nonlinear stress-strain law in compression
The stress-strain relationship for concrete in compression can be written as [22] (Fig. 2(c) ) The ratio (o~a,/fleo) 2 which appears in (4.15) will be less than unity for all values of o~/fi which depend on E* which are possible in a real plain concrete beam. For example, for e, = 0.0001 and ~0 --0.002, which are standard peak values in tension and compression respectively, the ratio o~e,/fieo will be less than or equal to unity for values of o~/fl less than or equal to 20. The ratio c~/fl = 20 implies an extreme compressive fibre strain of 20 ~, (Fig. 3(d) ), which is impractically large in a plain concrete beam. Therefore, it may be concluded that for all practical considerations o~/fi will be very much less than 20 and thus ore,/fie o will be very much less than unity. Expanding the logarithmic quantity in 
Onset of fracture instability
In the present investigation fracture instability is defined as the stage at which real crack tip propagation occurs. This can be expected to occur only when the process zone develops into a real crack. Once a real crack forms, stresses cannot be transferred across them. This implies that for real crack tip propagation, stress at the crack tip after attaining the peak value should eventually reduce to zero. However, it is not known whether this condition will ensure fracture instability. This question is examined further. Beam of given cross-sectional dimension and material property has a certain value of M~.
Any increase or decrease in the M/M, value obviously necessitates a corresponding increase or decrease in the applied load. The ratio ~/fi represents the variation of compressive stress or strain at the topmost fibre of the beam. The observed variation of M/M,, with c~/fi, (Fig. 6 ), can also be interpreted as follows:-Compressive stress or strain continues to increase with load P, till P reaches a maximum value Pnlax. Further increase in compressive stress or strain till the attainment of maximum value results in a reduction in P. Beyond this stage compressive stress or strain reduces with a corresponding reduction in P. This interesting variation of compressive strain with P, is found to follow the same trend recorded experimentally by Hillsdorf [23] .
Hence the stage corresponding to the maximum value of c~/fl can be considered as the limiting stage of stable equilibrium when the onset of fracture instability can be expected to occur, provided the necessary condition (i.e. o-at the crack tip = 0) for crack propagation is satisfied. In order to verify this, the stress at the crack tip has to be evaluated according to (4.4) , in which c~ and/3 shall be such that ~//3 is maximum. The procedure to determine the values of e and/3, corresponding to a given value of E*, so that e//3 is maximum is demonstrated in the following section.
Condition for fracture instability
From (4.8) and by using the principle of extremum values, the following relationships for the determination of the values of~ and/3, such that the ratio ~//3 will be maximum, are obtained c~ = --E* + x/E*(1 ÷ E*) (4. Hence from the discussion given above, it can be concluded that the essential condition that the stress at the crack tip equal to zero is also the condition for crack propagation to occur in an unstable manner.
M/Mn vane corresponding to maximum vane of ~//3
M/Mn value at any stage can be evaluated provided the stress block corresponding to that stage is completely characterized.
The stress distribution across the uncracked ligament is shown in Fig. 7(a) . According to the moment equilibrium condition, the following relationship is obtained. M/M,, = 1. From the above discussion, it is clearly established that fracture of plain concrete beams occurs at post-peak value of M/Mn equal to unity. In other words in terms of P, it is concluded that, fracture of plain concrete beams occurs in the post-peak range at a reduced value of P and not at Prnax itself, thus clearly a distinction is drawn between the fracture load and maximum load of beam specimens.
Nonlinear fracture parameters
Having traced the sequential developments of the proposed model in the preceding sections, its performance for practical applications is evaluated in the light of several experimental and numerical results available in the case of notched plain concrete beams with regard to several nonlinear fracture parameters, such as, nonlinear process zone length, crack tip opening displacement, crack mouth opening displacement and fracture energy. The implementation of the model and the computational procedure adopted in the evaluation of nonlinear fracture parameters are demonstrated in the following sections.
Length o f fracture process zone
Fracture process zone is defined as that part of the beam in the tension zone where softening occurs. For initial load applications, till stress at the crack tip attains a,, the length of this zone is zero. Beyond this stage, the process zone starts to develop and attains a maximum length prior to fracture. Referring to Fig. 7 (a) the length of this zone is given by,
Substituting for e and/~ according to (4.21) and (4.22) The procedure to calculate Lpmax is straightforward provided the value of E* is known. In practical situations, E* is an unknown quantity. However, E* can be evaluated by using the present model and from the knowledge of results obtained in experiments, by adopting the following procedure.
1. Based on cross-sectional dimensions adopted and the material properties being given or assumed, the quantity M, is determined.
2. Mma x is obtained in a straightforward manner from the information regarding Pmax obtained through experiments and hence the ratio Mmax/Ml~.
3. E* is then directly obtained from Fig. 5 .
Having determined E* corresponding to any practical situation, A is obtained from (5.3) and hence Lpmax. From the knowledge of Lpm,x, other nonlinear fracture parameters can easily be evaluated.
Crack tip opening displacement [CTOD]
Crack of given length "a" (Fig. 8(a) ) is replaced by a fictitious crack of length "(a + Lp)" and subjected to the same external bending moment M (Fig. 8(b) ), as well as to a crack closing force F (Fig. 8(c) ), being determined from the knowledge of stress distribution in the fracture process zone, across the uncracked ligament. The force F being eccentric, is replaced by an equivalent system consisting of an axial force F and a moment 34. Superposition of schemes adopted in Figs. 8(b) and (c), results in a fictitious cracked beam ( Fig. 8(d) ) with crack length as, "(a + Lp)" and subjected to an axial closing force F as well as a moment M*, being the resultant of M and 34.
With an assumption regarding the centre of rotation being situated at the end of the fracture process zone, the crack tip opening displacement, t/, can be obtained as, tl = OL r (5.4) in which 0 = local rotation ahead of the crack tip. 0 is computed according to the procedure described by Okamura et al. [24] , as
in which 2FM and 2 M are respectively the compliance coefficients of a cracked beam subjected to an axial force and a moment. The above procedure of determining 0, has also been adopted by Wecharatana and Shah [11] and Carpinteri [20] .
Using the expressions for )~FM and 2M as given in [24] , an equation for 0 can be obtained various values of ~ as tabulated in [24] are adopted in the present work. This procedure of determining CTOD is adopted mainly because of its simplicity in spite of the availability of more rigorous and accurate methods [25] .
Crack mouth opening displacement [CMOD]
This is evaluated in a similar way except that Lp in (5.4) is replaced by (Lp + a + thickness of clip gauge if any). Using the present model, complete P-CMOD curve from the beginning and up to the onset of fracture can be traced. With the following consideration P-CMOD curve even during the physical process of fracture can be obtained. Stress distribution
obtained by the present model across the uncracked ligament for post-peak M/Mn values less than unity is shown in Fig. 7(b) . Such stress distribution seems to be trivial, since compressive stresses cannot exist ahead of the crack tip. Further, based on the proposition that crack propagation proceeds as soon as stress at the crack tip becomes zero, the process zone starts developing into a zone of a macro crack, thus extending the original length of the crack, across which no stress transfer can take place. In view of this, suppressing the compressive stress distribution immediately ahead of the crack tip, one obtains a stress distribution across the uncracked ligament as shown in Fig. 7(c) . M is obtained by taking moment of tensile forces about the centre of compression (Fig. 7(c) ), thus determining the associated value of P. CMOD corresponding to this stage is obtained in the usual way. From (5.6), it is evident that 0 and hence CTOD or CMOD is a function of E. With increasing P, concrete undergoes progressive damage, thus usage of the same value of E at all stages of loading seems to be inappropriate. From some approximate considerations, a method to estimate the value of E at all stages of loading is suggested below.
Effective modulus
The stress distribution across the uncracked ligament at some stage of loading and at which softening of concrete in tension has occurred is shown in Fig. 3(c) . The stress block has been divided into a linear elastic region (AB) and a softening region (BC) with E and E D being respectively the modulii of elasticity. Following the law of mixtures, the effective modulus of elasticity Eel f is obtained as,
E D in (5.7) can only represent the average modulus, since modulus of elasticity changes at different locations, with a minimum value, E at the location of the crack tip, where obviously maximum damage can occur to a value E at the end of the softening region. Thus ED is estimated to be the average of E and E" as,
in which/? = ale. With e t = at/E, e can be obtained from the assumption of linear strain distribution across the uncracked ligament as (Fig. 3(d) ),
Substituting for a and e according to (4.4) and (5.9) in the definition of/?, the following relationship is obtained. It is interesting to note from (5.11), that when c~ = fi = 0.5, Eel" = Eis obtained. This seems to be correct since for P corresponding to these values of c~ and fi, damage to concrete has not yet occurred.
Having determined E* according to the procedure described in Section 5.1, c~ and fl are determined using (4.8) and (4.10), for any stage of loading./? can be obtained according to (5.10) and hence an estimate with regard to Eel f can be made from (5.11).
Fracture energy
Several definitions for GF are proposed by different investigators [6] [7] [8] 26] . In the present work, definition for GF as proposed by Hillerborg et al. [6] is adopted. Using (4.4) and (5.4), a and t/can be obtained for all stages of loading. Further, assuming post-peak values for a to vary linearly with r/right up to fracture, GF is obtained as, GF = ½r/ra~ (5.12) in which ~r is the crack tip opening displacement at the onset of fracture.
Analysis of experimental data
Most of the important experimental data available [23, [27] [28] [29] [30] [31] [32] [33] with regard to testing of notched plain concrete beams have been analyzed by using the present model. The implementation of the model requires a priori information regarding the values of E and a, of the concrete mix adopted. The reported values wherever available are adopted, otherwise they are suitably assumed.
Discussion of results
P-CMOD curves over the entire range, obtained by using the present model in the cases of beams tested and reported by Jenq and Shah [30] , are shown in Figs. (9) to (12) . Values of E and a, adopted are indicated. The curves obtained compare very well with those of experimental and theoretical curves [30] . The CTOD corresponding to onset of fracture obtained for all the 80 beam specimens is found to be in the range 8 #m-73 #m, thus showing a strong dependence on structural size. ~r ~ A-Theore t icat [30] 6"u r // ~_ --Experiment o| [30] Fig. 9 . Comparison of predicted P-CMOD curve, with theoretical and experimental curves [30] . CMOD (xlO-lmm) Fig. 11 . Comparison of predicted P-CMOD curve, with theoretical and reported experimental curves [30] .
Values of CTOD as obtained by different investigators [15, 17] at which no stress is transmitted are in the order of 20-40/~m. Reinhardt et al. [18] have reported the stress-free crack opening to be 160 #m for normal weight concrete.
GF in all the cases is found to vary between 10-200 N m-'. Values of GF reported by Bazant and Oh [7] for various fracture test data, are in the range 15-280 N m -].
The value of Lpmax is generally found to increase with ( W -a) which is in accordance with the observation of Wecharatana and Shah [11] . However, the ratio Lpmax/(W -a) is found Comparison of predicted P-CMOD curve, with theoretical and reported experimental curves [30] . to vary between 0.3 to 0.685, and to decrease with increase in (W -a) . The values of Lp .... obtained in all the cases is shown in Fig. 13 , as a plot of Lpmax versus ~t(W -a)/E. Since the value of E* is known to depend on structural size, and a relationship connecting them is not available even from the tension test results [15, 19] , the regression analysis procedure is adopted in the present work. An empirical relationship for predicting Lpm,x is obtained [28] . For values of a,(W -a)/E < 5 x 10 -3, prediction of Pm~x is found to be very sensitive to the value of Lpmax given by (6.1). However, for larger values of <(W -a)/E, prediction of Pmax is found to be relatively insensitive to the value of Lpma~, since the change in the values of Mmax/M n are very small for larger changes in the value of E*, especially for values of E* between 0.5-1 (Fig. 5) . Assuming a,/E = 1/10000, (6.1) yields Lp .... = 0 for (W -a) = 1.095 m. Since Lpmax = 0, corresponds to brittle fracture, the specimen size as obtained from the present investigation for the brittle fracture to occur should be greater than 1.1 m. This is in good agreement with specimen size requirements obtained by other investigators as summarized in [34] . Values of the ratio Lpm~×/(W --a), obtained according to (6.1) for various values of (W -a), are shown in Fig. 14 , from which it is evident that Lpm~x/(W -a) decreases with increase in (W -a), a fact which corresponds to the effect of increasing structural size on the fracture behaviour. Figure 15 shows the influence of increasing values of (W -a) on the value of E* computed according to the present approach for assumed values of a,/E = 1/8 000, 1/10 000 and 1/12000. From this figure it can be observed that the value of E* increases with (W -a). However this increase is not proportional throughout. E* is found to increase rapidly for larger values of (W -a).
It can be easily observed that the ratio Mm~x/M,~ is identical to the ratio of modulus of rupture (MOR) and 05 viz., MOR/o-,. Since Mm,~/M , is found to vary with respect to E* (Fig. 5) , and E* is found to be dependent on (W -a), (Fig. 15) , it is possible to study the variation of MOR/at with respect to (W -a). This is indicated in Fig. 16 . From this figure it is evident that as (W -a) increases, the value of the ratio MOR/o-, decreases and is found to approach almost unity for (W-a) equal to 1000mm. From this the influence of structural size of both notched and unnotched beams on the value of MOR can be easily understood. The theoretical prediction of size effect on MOR according to the two-parameter fracture model [13] , is also shown in Fig. 16 . This curve has been obtained from the suggested value of Q = 12.08 inches.
From the proposed equation (6.1) for determining Lpm.~ it can be observed that, in the case of beams possessing identical material properties and the same uncracked ligament the [35] . In these tests the material properties, span, breadth and the uncracked ligament are maintained to be the same while the overall depth of the beams is varied. The indicated values of Pmax are also corrected for self weight and additional loads acting on the beam specimens. The experimental results indicate that Pmax of the smaller beams is 5 percent more than the Pm~x for larger beams, although the uncracked ligament is the same in both cases. This observation requires further experimental confirmation. The discrepancy between the predicted values of Pmax using the present approach and the test results is again found to be within 10 percent, which is acceptable in a material like concrete.
Several theoretical models namely, fictitious crack model (FCM) [6] , blunt crack band model (BCM) [7] , modified fictitious crack model (MFCM) [8] and two parameter fracture model (TPEM) [13] have been proposed so far to analyse the fracture behaviour of plain concrete beams. The primary objective of all these models including the present one is to predict/°max Hence it is interesting to compare the values of Pmax predicted according to different models.
The results of such a comparative study are summarized in the following paragraphs.
Nallathambi et al. [8] have compared the prediction of Pmax by using different numerical models for the case of a beam tested by them. FCM, BCM, and MFCM are found to overestimate Pmax by 28.6%, 24% and 22.3% respectively. Using the values reported in [8] for o 5 (3.1 N mm 2) and E (33 000 N mm-2), the present model is found to underestimate Pmax by 14.54 percent.
Peterson [4] has compared the theoretical results obtained by using FCM with the experimental results. From the test results the average value of Pmax is found to be 768. 
Conclusions
Based on the results obtained according to the proposed model the following conclusions are made. 1 Softening behaviour of concrete in tension as characterized by the strain softening modulus is a structural property.
2 The ratio of maximum bending moment to net section strength can characterize the fracture behaviour. The value of this ratio equal to unity, indicates brittle fracture, while equal to three refers to plastic collapse. Fracture instability can be expected to occur as soon as the stress at the crack tip reduces to zero. Plain concrete beams exhibiting linear strain softening behaviour are found to fracture in the post-peak region at a value of the ratio of bending moment to net section strength equal to unity and not at maximum bending moment itself.
3 Nonlinear fracture parameters such as crack tip opening displacement, crack mouth opening displacement, and fracture energy are highly size dependent. 4 The extent of formation of the fracture process zone across the uncracked ligament depends on the strain softening modulus. The ratio of the length of the fracture process zone to the size of the uncracked ligament decreases with increase in depth.
5 The proposed procedure to predict the maximum load is found to be very sensitive to the value of uniaxial tensile strength for smaller specimens.
6 Nonlinear constitutive law for concrete in compression has very little influence on the fracture behaviour and hence on the maximum load predicted according to linear relationship.
7 The ratio of modulus of rupture to uniaxial tensile strength decreases with the increase in the size of the uncracked ligament and brittle fracture can be expected to occur in the case of plain concrete beams possessing an uncracked ligament depth greater than 1.1 m.
8 The proposed model called Softening Beam Model (SBM) is based on some simple and rational considerations and can completely describe the fracture process from the beginning of formation of the fracture process zone till the onset of fracture instability.
